Abstract: Commodity price modelling is normally approached in terms of structural timeseries models, in which the different components (states) have a financial interpretation. The parameters of these models can be estimated using maximum likelihood. This approach results in a non-linear parameter estimation problem and thus a key issue is how to obtain reliable initial estimates. In this paper, we focus on the initial parameter estimation problem for the SchwartzSmith two-factor model commonly used in asset valuation. We propose the use of a two-step method. The first step considers a univariate model based only on the spot price and uses a transfer function model to obtain initial estimates of the fundamental parameters. The second step uses the estimates obtained in the first step to initialise a re-parameterised state-spaceinnovations based estimator, which includes information related to future prices. The second step refines the estimates obtained in the first step and also gives estimates of the remaining parameters in the model. This paper is part tutorial in nature and gives an introduction to aspects of commodity price modelling and the associated parameter estimation problem.
INTRODUCTION
Valuation of long life assets needs to account for uncertainty arising from future commodity 1 prices. Thus, the use of commodity price models to perform such valuation plays an important role in risk management [Schwartz, 1995 , 1998 , McCarthy and Monkhouse, 2003 .
Commodity price modelling is normally approached in terms of structural time-series models. These models are formulated in terms of different components (states) that have a financial interpretation. The Kalman filter then allows one to use the prediction error decomposition of the likelihood function to estimate the parameters [Harvey, 1989] . One of the main issues related to this estimation problem is how to obtain reliable initial parameter estimates to be used as a starting point for the evaluation of the maximum likelihood estimate.
In this paper, we focus on the initial parameter estimation problem for a particular two-factor model for commodity prices proposed by Schwartz and Smith [2000] . We propose a two-step estimator based on prediction error methods. The first step considers a univariate model based on the spot price only and uses a transfer function model to obtain initial estimates of the fundamental parameters. The second step uses the estimates obtained in the first step to initialise an estimator based on re-parameterised state-space innovations model, which includes information related to future prices. The second step refines the estimates obtained in the first step and gives estimates of the remaining parameters in the model. The proposed estimator is implemented using standard functions from the Matlab System Identification Toolbox. We consider simulated oil data to analyse the sampling statistics of the estimates.
COMMODITY PRICE MODELS
Commodities trade in markets that present key characteristics that differentiate them from markets of other financial instruments. These characteristics shape the models used to describe the dynamics associated with the price of commodities. As discussed, for example by Geman [2005] , commodity prices are defined and driven by supply and demand. Because of this, the prices tend to stay close to an equilibrium state. When the market is perturbed (shocked), the prices undergo a transient and then revert either to the same equilibrium or towards a different one. Small shocks to the market can result, for example, from temporary weather scenarios; whereas significant shocks (leading to a new equilibrium) could be the result of a change in government policy, war, or permanent environmental changes such as global warming.
The characteristics mentioned above motivate the use of two-factor models: o ne factor describes the equilibrium and the other how the prices tend to the equilibrium.
A Two-factor Spot Price Model
A two-factor model commonly used in asset valuations is that proposed by Schwartz and Smith [2000] . In this Preprints of the 15th IFAC Symposium on System Identification Saint-Malo, France, July 6-8, 2009 model, the logarithm of the spot price 2 is separated into two components: log S(t) = χ(t) + ξ(t).
(1) The first component χ(t) (short-term component) represents the difference between the spot and the equilibrium price. The second component ξ(t) (long-term component) is a geometric Brownian motion that models the behaviour of the equilibrium price. The dynamic models associated with the different components can be expressed as follows:
where, the noises are increments of Brownian motion and dχ(t)dξ(t) = ρ χξ dt. The parameters in the model are
It follows from (2) that the states have the following mean:
Where χ(0) and ξ(0) are initial conditions of the state. The covariance of the state can be expressed as
where
The covariance matrix (4) is obtained by making a discrete-time approximation of (2) and using the Kalman Filter recursions for the conditional covariance of the state. This is done by taking the limit as the sampling period tends to zero and the number of iterations tend to infinity-see Schwartz and Smith [2000] p. 911 for details.
Relating the States to Future Prices
Commodities trade in future markets. Future contracts are agreements to buy or sell the commodity at a specified time in the future T (maturity of the contract) at a specified price denoted F T,0 (future contract price). This allows investors seeking to hedge their investments against market fluctuations to enter these contracts which fix the price. It also allows speculators to play in the market. For more details about future markets see, for example, Kolb [1997] and Cvitanić and Zapatero [2004] .
The future contract prices indicate how the market perceives the spot price evolving in the future-they are biased estimates of future spot prices [Geman, 2005] . Thus, this information can be related to the short and long term components in (2). To do this, it is necessary to consider the risk-neutral framework, which is used to value financial derivatives. Leaving technicalities aside (see Schwartz and 2 The price you can pay to sell or buy the commodity in a market at the current time.
Smith [2000] for details), the future contract price of a contract with maturity T entered at time t=0 follows the following model:
with
where the difference µ ξ − µ * ξ reflects the long-term risk premium-the long-term risk that investors are willing to take to enter into the future contract. The parameter λ χ /κ gives the value to which the short term component of the future prices reverts.
The spot price model (2) gives a state equation and the observed future prices model (6) gives a measurement equation. Note also that if we take the maturity to be zero, the future price becomes the spot price-that is if one would like to enter a contract at time t=0 with maturity T =0, one then has to buy or sell the commodity at the spot price.
A Discrete-time State-Space Model
For parameter estimation, it is convenient to consider an equivalent discrete-time approximation of (2). The equivalent model takes the form:
where x(t) denotes x(t 0 + k ∆) with a sampling period ∆, and u(t) = 1 for all t. The state and measurement variables are given by
Discretization of the model is based on the expressions for the solution of (2) [Maybeck, 1979] . The associated matrices in the model are defined as follows
The covariance of w(t) is given by
(13) As argued in Schwartz and Smith [2000] , the measurement noise v(t) represents errors in the reporting of the prices due to asynchronous price quotes, and also model uncertainty. The covariance of the measurement noise is taken to be diagonal:
3. PARAMETER ESTIMATION
The parameters of the model (9) can be obtained via maximum likelihood estimation. One of the main issues associated with this approach is the need to obtain reliable estimates to initialise the parameter optimisation problem.
To address this issue, we propose a two-step method to build a sequence of estimation problems.
The proposed two-steps are
Step 1: Initial estimation with spot price only.
Step 2: Estimation with spot and future contracts.
The first step considers a univariate model based only on spot price data. An estimator based on a transfer function model is first used to obtain initial estimates of the fundamental parameters (mean reversion rate and trend). Then, a related state-space innovation model is used to refine the two parameter estimates and further estimate the initial state of the model.
The second step uses the estimates obtained in the first step to initialise a multivariate state-space innovation model, which includes information related to future prices. The second step refines the estimates obtained in the first step and also gives estimates of additional parameters in the model.
The driving idea behind the proposed method is that of using alternative parameterisations of the model to pose different parameter estimation problems that increase in complexity. We also use the estimates obtained at any stage for initialisation of the problem associated with the subsequent stage.
Step 1: Initial Estimation with Spot Price Only
We define the the auxiliary parameters
Then, we have the following two facts which describe a transfer function representation for the data: Fact 1. The forward difference of the logarithm of the spot price ∆y
can be expressed in transfer function form as A * (q) ∆y
and the noise ν t is correlated.
Proof. This follows directly from (9) by considering only the spot price as a measurement and eliminating the states:
where the correlated noise ν t is given by ν t (q − 1)w
The backward difference of the logarithm of the spot price ∆y t log S t − log S t−1 , (22) can be expressed in transfer function form as
where u t = 1 for all t, the noise e t is uncorrelated, and
Proof. We can make a spectral factorisation of the noise ν t , by considering the innovations model for the spot price based on (9) and a steady-state Kalman filter:
where the innovations process e t is an uncorrelated sequence, the states are estimates of the true states, and the gains k 1 , k 2 correspond to the steady-state Kalman filter gains. The result then follows by eliminating the states in (27):
The equation-error model (20) can be used to obtain estimates,α andβ, using least squares. These estimates will be biased due to the correlation of ν t -see Goodwin and Payne [1977] p. 85. These initial estimates, however, can be used to initialise a prediction error estimator for the ARMAX model (23). Indeed, the ARMAX model (23) can be used to form the one-step-ahead predictor:
and
A standard prediction error estimator can then be used:
which can be initialised using the least squares estimate of α and β and taking k 1 =k 2 =0. The solution of (35) yields estimatesθ ′ , which can be mapped into the parameter set of the innovation model (27) via (34). This gives estimateŝ α,β,k 1 andk 2 . The parameter estimation based on the transfer function model does not give the initial conditions of the state. To estimate these initial conditions we can re-consider the problem in state space with an innovation model. Then, the estimation problem using only the spot price can be posed as follows:
Thus in this first step, we started with least squares estimates of α and β, and then refined these estimates and also obtained estimates of the initial state χ 0 , ξ 0 . Now we can consider the second step where we identify additional parameters using the spot and future prices information.
Step 2: Estimation with Spot and Future Prices
When we incorporate future prices, the estimation problem using a state-space innovations model can then be posed asθ
. . .
This model uses also a direct parameterization of A(T i ), i =1 to N . Unless there is additional prior knowledge, these parameters can be initialised to zero.
To intialise the Kalman gain, we can use an approximation ofΣ w obtained from the sampling covariance of the Kalman filter estimates of the state related to the estimation problem (37). Using the Kalman filter equation for the model with spot and future contracts, we then obtain an initial estimate of the Kalman gain:
where we useΣ
withσ 2 ε being the variance of the prediction errors associated with the univariate problem (37), and γ 1 = 1 and γ 2 = 0.1.
TESTING THE ESTIMATOR WITH SIMULATED DATA
In order to study the sampling properties of the proposed estimator, we consider simulated data corresponding to oil prices with parameter values adapted from Schwartz and Smith [2000] . These parameters are shown in Table 1 . Figure 1 shows a sample realization of the spot price and future contracts for 240 weekly observations (5 years).
We perform a Monte-Carlo study using 100 realisations of 240 observations. Figure 2 shows the results of the derived parameter estimatesκ andμ ξ obtained using the ARMAX estimator (35). Table 2 shows the sample means and variance of the estimates.
The estimates obtained using the ARMAX estimator (35) are then used to initialise the state-space innovation estimator (37), which uses only the spot price. Figure 3 shows the results of the 100 Monte-Carlo runs corresponding to this estimation. Table 3 summarises the statistics of the estimates. As we can see, there is an improvement in the estimation since the state-space model model takes into account initial conditions. Figure 4 shows the results of the Monte-Carlo runs corresponding to the estimator (40), which uses the spot price and future contracts . Table 4 summarises the statistics of the estimates for all the parameters considered. The quality of the estimates is improved with respect to the spot-price-only estimation due to the added information contained in the future contracts. Note also that the estimates of the terms {A(T i )} are of good quality. Table 2 . Sample mean and variance of estimates from 100 realizations corresponding to the ARMAX estimator (35), which uses only the spot price.
CONCLUSION
In this paper, we have studied the specific problem for parameter estimation of the two-factor commodity price Table 4 . Table 3 . Sample mean and variance of estimates from 100 realizations corresponding to the estimator (37) , which uses only the spot price.
model commonly used for valuation of long life assets. The parameter estimation problem can be addressed using maximum likelihood. A key issue for the success of this estimation approach is to start from reliable initial parameter estimates.
We have proposed a two-step method to provide initial parameter estimates. The driving idea behind the proposed method is that of using various related model parameterisations to pose different parameter estimation problems Table 4 . Sample mean and variance of estimates from 100 realizations corresponding to the estimator (40), which uses spot price future contracts.
that increase in complexity. We use the estimates obtained at any stage for initialisation of the problem associated with the subsequent stage.
The two step separation refers to the use of spot price data only in the the first step and spot and future contract data in the second step. The first step considers a univariate model based only on spot price data and uses a transfer function model to obtain initial estimates of the fundamental parameters (mean reversion rate and trend). Then, a related state-space innovations model is used to pose a different estimation problem which uses the two parameter estimates and further estimates the initial state of the model. The second step uses the estimates obtained in the first step to initialise a multivariate state-space estimation problem, which includes information related to future prices. The second step refines the estimates obtained in the first step and also gives estimates of more parameters in the model.
The proposed algorithm has been implemented using standard tools from the system identification toolbox in MAT-LAB. The estimator has been tested using simulated data to gain insight into the sampling statistics of the estimates. The proposed algorithm performs well, and the results from the simulated data give confidence in the estimates obtained. Special emphasis has been placed on the estimation of the parameters that have a clear economic interpretation.
